The present work involves the study of penetrative convection in an incompressible uid-saturated porous media with local thermal non-equilibrium. The onset of convection evaluated linearly and nonlinearly for the system in uenced by heat extraction and heat generation. Darcy-Brinkman law is employed to model the momentum equation and four type of internal heat generating function are considered which leads to thermoconvective instability within the uid layer. Linear analysis carried out by using normal mode technique and nonlinear stability analysis has been done by energy method. Due to heat generation within the uid layer and heat extraction through boundary, the subcritical instability may exist with higher possibility. E ects of various parameters as: inter-phase heat transfer parameter, DarcyBrinkman number, porosity-modi ed conductivity ratio, and heat parameter are explored on Darcy-Rayleigh number by Chebyshev pseudospectral method as numerical form and graphical form.
Introduction
Penetrative convection is a phenomenon which occurs due to convective instability arises by unstable equilibrium. When the region of unstable equilibrium is bounded by, the uid in stable equilibrium, the convective motion penetrates into the neighboring region of stable equilibrium. There are two major reasons for this type of motion, one is Amit Mahajan, Department of Applied Sciences, NIT Delhi, Narela-110040, India, E-mail: amitmahajan2006@gmail.com *Corresponding Author: Reena Nandal, Department of Applied Sciences, NIT Delhi, Narela-110040, India, E-mail: reena12101@gmail.com velocity and another is non-vanishing tangential stresses. Penetrative convection occurs in many natural occurring astrophysical and geophysical phenomenon. For example, in star convection, causing the granulation pattern observed on the surface, heating, and cooling of lakes, thermocline formation, and radioactive decay and much more as described by Matthews (1988) . An extensive literature is available on penetrative convection. Penetrative convection due to the heat sink and nonlinear density in an isotropic porous layer is examined by Carr & Putter (2003) . In thermo-convective instability, radiation also plays an important role in a strati ed system. Earth's atmosphere is a good example to understand the phenomena of thermo-convective instability. The solar radiations heat up the surface and air very near to ground become warmer and lighter than upper heavy air and this creates gravitational instability. As convection starts, the warm air penetrates in stable regions. E ect of radiative heating through the lower boundary for a non-Boussinesq uid layer is determined by . An experimental study is done by Krishnamurti (1997) to observe the convective instability in a water layer with thymol blue in presence of a chemical concentration-dependent heat source. To understand the stability properties and scaling laws associated with a radiative-convective model, a study is presented by Larson (2000) . Hill (2004) performed the stability analysis for a uid layer which is thermo-convectively unstable due to concentration based internal heat source and absorption of radiations. When a water pool absorbs the solar radiations, it gets heated up and rises to the surface. In this process, it loses its heat to the atmosphere and remains at atmospheric temperature. To improve the ability of solar ponds to store the solar radiation, a stability analysis is done by Hill & Carr (2013a , 2013b .
In porous media convective heat transfer process is found to be having important applications in thermal insulation of building, drying process, geophysical systems, petroleum resources, heat exchangers, chemical reactors, nuclear waste etc. The literature reveals that heat transfer processes in porous medium gained a considerable momentum due to its applicability in various elds. The book by Nield & Bejan (2006) provides the diverse knowl-edge of this topic. For the study of uid ow behavior in porous media Darcy's law is employed but it has limitations in several aspects. It is valid essentially for creeping ow through a long and uniform porous medium of low hydraulic conductivity. But in many technological problems, the uid ow is very fast and Darcy's law is not enough to describe the behavior of uid ow. For such situation, Brinkman (1947) Many investigations conducted on the ow in a porous media hypothesized that the solid matrix and uid within the pore are in local thermal equilibrium. From an application point of view, the processes involving rapid heating and modeling of nuclear reactor, in uid and solid matrix there exist temperature gradient so it is very uncertain the existence of local thermal equilibrium for such situations. A huge literature on local thermal non-equilibrium is provided by Straughan (2015) . The onset of Darcy-Bénard convection using a local thermal non-equilibrium model is investigated by Banu & Rees (2002) . Wang et al. (2014) analyzed the e ect of thermal radiations within a porous medium incorporated with local thermal non-equilibrium, for a speci c application of solar receivers. The thermoconvective stability in porous media with through ow and local thermal non-equilibrium with heterogeneity is investigated by Nield & Kuznetsov (2015) .
Several studies have considered the onset of penetrative convection in porous media with LTE but due attention has not been given to such studies in the context of LTNE. Such studies nd its relevance in many technological and experimental problems. Intend of this work is stability analysis of a uid layer saturated porous media with LTNE. It is considered that heat generation within the uid layer and heat extraction through lower boundary induces the thermo-convective instability in the uid layer. Four heat generating functions are considered for the stability analysis. Nonlinear stability results are compared with the linear instability results to observe whether there exists any subcritical instability or not. E ects of inter-phase heat transfer, Brinkman e ect, internal heating and e ects of heat extraction through the boundary, di usivity and thermal conductivity of both the phases are considered to see the variation in critical Darcy-Rayleigh number by linear and nonlinear analysis and the corresponding values are achieved using Chebyshev tau-QZ method and are presented by graphs and numerical results.
Mathematical formulation
Here we consider an in nite layer of a thickness d of an incompressible uid saturated in a homogeneous porous media. The uid assumes to con ned between the layer z = , d and respective boundaries conditions are 
Mass balance equation:
Temperature equation ( uid phase):
Temperature equation (solid phase):
where q, ρ f , c f , ρs , cs , P, µ f , µ f , t, ε, k f , ks , κ and Kare lter velocity, density of the uid, heat capacity of uid, density of solid matrix, heat capacity of solid matrix, pressure, the dynamic viscosity of uid, e ective viscosity of uid, time, porosity, the thermal conductivity of uid, the thermal conductivity of solid, thermal di usivity of uid, and permeability, respectively. Now, the steady state solution of governing equations is as follows:
here, the basic state followed by subscript 'b'. The temperature of the solid and uid phase at the basic state is T f = Ts. From the equation (3) and (4) In a thermodynamical system, internal heatgenerating functions are of many types. Roberts (1967) dealt with a constant heat source whereas Straughan (1991) examined the onset of convection in a horizontal layer in the context of three internal heat generating sources, i.e., constant, exponential and non-uniform heat source. In our study the following four type heatgenerating functions, i.e. constant, linearly increasing, decreasing and non-uniform (Straughan 2004 ), are considered: Now, the basic temperature function T b for the four cases is given as:
To nd out penetrative convection in the uid layer, extremum of density is required and this can be followed from T b . It, in turn, provide the range of heat parameter ξ [de ned later in (12) ] to observe the e ect of penetrative convection. The range of heat parameter obtained from maximization or minimization of the density function is given by ( , ) for all cases and beyond this range, convection is due to buoyancy forces. Figure 2 displayed the pro le of basic temperature functions along with the uid layer. It can be seen from gure 2 that the small values of ξ creates a high-temperature di erence across the uid layer, which enhances the convective movement from lower to upper parts of the uid layer, and as the values of ξ increases, the temperature di erence becomes small and the uid layer achieves the stability in the lower parts. To check the system stability we introduced the following perturbed quantities:
where q , P , θ, ϕ, ρ are the perturbed quantity in velocity, pressure, the temperature of the uid phase, the temperature of the solid phase, and density respectively. Now, the following non-linear system of perturbation equations (after dropping prime) is obtained:
In order to analyze the stability of the above system, we rst reduce the complexity of the system by using the following scaling parameter,
here, H is inter-phase heat transfer parameter, Va is Vadasz number, Da is Darcy number, A is di usivity ratio,Da is Darcy-Brinkman number, Ra is Darcy-Rayleigh number, and ψ is porosity-modi ed conductivity ratio. Now, the system of non-dimensional perturbed equation (after dropping *) can be written as:
where
is the heat parameter and the following are the corresponding boundaries for the above system of equation:
Stability Analysis
For a stability analysis, there are mainly two techniques that may be employed, one is the method of linearized instability and another is the energy method. In nitesimal small perturbations are assumed to the steady state, in linear analysis and so the impact of nonlinear terms becomes negligible and hence discarded from the set of partial di erential equations. The linear theory only provides boundaries for instability; thus it is highly desirable to develop the nonlinear energy stability theory. For obtaining optimal nonlinear thresholds the idea of coupling parameter (Joseph 1965 ) can be employed for constructing energy functional. It will provide sharpen nonlinear thresholds as compared to the classical approach.
. Linear Analysis
Non-linear terms are discarded from nondimensional system of the perturbed equation (13) - (16) and normal modes (q, θ, ϕ)
Boundary conditions corresponding to the above system are given below [Straughan 2015 ]:
For numerical analysis, Chebyshev-pseudospectral method is used. It an e cient numerical technique to nd out eigenvalues and eigenfunctions in the system of continuum mechanics. The key point of this method is, one can calculate as many eigenvalues as required, not just the dominant one. Following the method laid out in Kaloni & Lou (2004) , the domain of the method is [− , ] but the present domain is [ , ] , so a simple transformation is used to match the domain of the method i.e., z is transformed into 2z-1. After transformation the system of linearized equations is:
Next, discretizing equations (27) - (29) following the Chebyshev scheme and hence can be written in form of a system of the matrix as:
where A and A are complex matrices, given as: 
. Nonlinear stability analysis
Adopting the standard nonlinear energy approach in the stability measure, we rst multiply eqs. (13) - (16) with q, θ, ϕ respectively and integrated over V to have:
To attain steady states (5) nonlinear stability, the energy functional, formed by thermal energy and kinetic energy of perturbations of uid and solid phase, using coupling parameters λ and λ , is de ned as given below:
Variation in energy functional with respect to variation in time is given by:
Using equations (32) -(34) in (36), we get
where I represents the energy production terms in the system and has the form
and D represents the energy dissipating terms that are as follows:
where Ω being admissible solution space, such as Ω = q, θ, ϕ|q, θ, ϕ ∈ L [ , ] . Let, β = − , from the equation (37) it obtains:
Next, using Poincaré's inequality and de nition of D, we have the following inequality:
Combining equations (41) and (42), one shows that for
; Va +Daπ . Equation (43) implies that E (t) ≤ E ( ) exp (−βkt) which shows that E decays exponentially, yielding the nonlinear stability for θ, ϕ and q.
To obtain nonlinear stability bounds, the variational problem (40) must be solved. Therefore consider = , because it provides the nonlinear stability thresholds so the Euler-Lagrange equations for the maximization problem (40), after using rescaling
as q is solenoidal so Lagrange multiplier s is introduced. Next, we operate curlcurl on (44) and considerk component, we have
Next, the following tiling form is introduced to tile the plane:
So, from equations (45), (46) and (47) we have the following system of equations:
and boundary conditions correspond to the above system are as follows:
Now, following the method explained for linear analysis, the domain is transformed [ , ] to [− , ]. Now, the system of equations (49) -(54) forms an eigenvalue problem of order eight and it is utilized to localize the nonlinear critical Darcy-Rayleigh number Ra E , given byRa = max 
Result and Discussion
The onset of convection in a Darcy-Brinkman porous medium is investigated for a local thermal nonequilibrium model in the presence of internal heat source. The various heat generating functions are taken into consideration which induces instability within the uid layer when the heat is extracted through the boundary at a constant rate. Stability analysis performed by normal mode technique and energy method and Chebyshev-pseudospectral scheme used to solve generalized eigenvalue problem. A comparison of critical Table 1 . It can be pointed out here that the obtained results appear with the multiple of an additional factor /ε, it is because the Rayleigh number is de ned in terms of thermal di usivity κ = k f (ρc) f of the uid rather than in terms of εk f + ( − ε) ks (ρc) f [Kuznetsov & Nield (2010) ].
We start the discussion in the context of heat parameter ξ ranges between ( , ) for all heat supply functions and provide facts and gures concerning penetrative convection. From the temperature pro le presented in Figure 2 , it can be seen that lower part of the uid layer has a high temperature for small values of ξ (heat parameter) but as ξ increases, the upper part of the uid layer 
[Nield and Bejan ( )] has high temperature thus the stabilizing e ect of ξ is expected. In Table 2 Rayleigh number for both linear and nonlinear analysis. Again, from tables, It is also observed that increase in the value of H, the value of the critical Rayleigh number increases and the onset of convection delays. Cell size gets contracted for heat supply functions for increasing values of ξ and H. The neutral stability curves for Rayleigh number and wave number for distinct parameters are shown in Figures 3-6 . A neutral stability curve, in the expression of critical Darcy-Rayleigh number, provides the stability criterion. In the region above the linear plot, system's behavior is unstable and in the region below the nonlinear plot, its behavior is stable. These curves show that for a range of wave number the linear and nonlinear thresholds are so close that they are indistinguishable graphically, signifying the suitability of linear theory to predict the nature of the onset of convection. But after a certain range of wave number, nonlinear threshold leave a region of potential subcritical instability. Further, from gure 3 it is observed that as the value of Darcy-Brinkman number increases, quantitative change occurs in the value of the critical Rayleigh number but the qualitative behavior remains the same. Increase inDa is related to increasing e ective viscosity of the uid that retards the uid ow and hence convection delays. Figure 4 , represented the neutral curves for changing values of ξ . From these, it is observed that as ξ increases, the critical value of Darcy-Rayleigh number increases. Increase in value of ξ leads to the system stable, the reason for this behavior can be understood from the gure 2 which shows that for the small values of ξ , system is more unstable in the lower parts of the uid layer due to the large temperature di erence across the layer but as the value of ξ increases, the temperature di erence across the layer decreases which stabilize the uid layer. As a result, with increasing values of ξ , convection slows down.
The increase in the values of the inter-phase heat transfer parameter has a signi cant impact on the critical Rayleigh number as shown in Figure 5 . For small values of H, no signi cant heat transfer takes place between the solid and uid phase and hence the properties of the solid phase does not a ect the convection and system is in a strong LTNE situation. Next, as H increases, we found a noticeable change in the critical values of the Rayleigh number because the solid properties a ect the onset of convcetion. Figure 6 represents that as the value of ψ increases, the value of critical Rayleigh number decreases; this is because of the increase in the value of ψ leads to substantial transfer of heat through the solid and uid phases. For very small values of H, the critical Rayleigh number is independent of the values of ψ and approaches the LTE results. On the other hand, for comparatively large values of H(for graphical results the value of H is taken equal to 5), a signi cant change in the values of critical Rayleigh number can be observed with the increasing values of ψ.
Conclusion
This work is a detail presentation of stability analysis of a uid saturating porous medium by linear and nonlinear analyses for four heat supply functions within the uid layer with heat extraction through the lower boundary. It is observed that the system is more stable at large values of heat parameter as compared to small values, i.e. higher the heat parameter, higher the stability of the system. The two theories (linear and nonlinear) do not show any resemblance in results, it implies the region of subcritical instability exists. For all heat generating functions, it is observed that cell size gets a ected with variation in values heat parameter, Darcy-Brinkman number, and interphase heat transfer parameter. Increasing values of DarcyBrinkman number, heat parameter, and inter-phase heat transfer parameter delays the onset of convection so these parameters found to be having stabilizing e ect on the system. The increase in the value of porosity-modi ed conductivity ratio hastens the onset of convection and has a destabilizing e ect on the stability of the system.
